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ABSTRACT 

It is shown that the quasigeostrophic response of a homogeneous ocean to atmospheric pressure 

forcing consists of two parts: first, a static inverted barometer response of the sea level (which, more or 

less, insulates the ocean interior from direct atmospheric pressure forcing); second, a dynamical response 

to the inverted barometer sea level movement (called here the inverted barometer pumping in analogy to 

the Ekman pumping), which is one order of magnitude smaller than the Ekman pumping in mid-latitudes 

(two orders less in the equatorial region) and becomes even smaller for long-period forcing because 'the 

pumping is proportional to the forcing frequency. The use of the barotropic model is justified by the fact 

that in mid-latitudes, the response is largely barotropic for atmospheric forcing shorter than 300 days (for 

longer forcing periods, the inverted barometer pumping is negligible, compared with the Ekman 

pumping); while in the tropics, the dynamical response may be significantly baroclinic, but the pressure 

forcing is really insignificant. Furthermore the concept of inverted barometer pumping is valid in the 

stratified case as well. Two conclusions come out of this analysis. First, the dynamical response to 

atmospheric pressure forcing is far less important than the response to wind forcing; and the response 

diminishes with longer forcing periods or smaller spatial scales relative to the external Rossby radius of 

deformation (i.e., the rigid lid effect). Second and more importantly, irrespective of how large or small 

the dynamical response is, as far as one is interested in quasigeostrophic motions with the caution that 

high-frequency ageostrophic motions can cause aliasing problems, he is always correct in removing the 

static inverted barometer sea level response in order to concentrate on responses to many other sources 

including the dynamical response to atmospheric pressure forcing (e.g., in satellite altimetry and in 

pressure-treating the tide gauge data). Thus it is the desire to study the dynamic responses that compels 

one to remove the static response. Yet the problem is by no means solved even in the context of 

altimetric corrections. The ageostrophic responses to pressure as well as wind forcing, fascinating 

subjects in their own right, can induce aliasing problems in satellite altimetry, estimates of which are 
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sorely needed. 

1. Introduction 

It is a long-held belief that atmospheric pressure is ineffective in inducing quasigeostrophic 

oceanic motions. For example, in the seminal work by Veronis and Stommel (1956) on atmospheric 

forced oceanic motions, it is stated without proof that (compared with the wind stress curl) atmospheric 

pressure forcing can be neglected in the analysis of forced quasigeostrophic motions with the allowance 

that pressure forcing might be important in considering forced inertia-gravity waves. The natural 

extension of this conclusion is that the ocean interior is shielded from the atmospheric pressure by the 

compensating motion of the sea surface at the quasigeostrophic time and space scales, i.e., in the manner 

of the so-called inverted barometer wherein an increase of 1 mb in atmospheric pressure is accompanied 

approximately by a 1.01 em drop in sea level. The general validity of the static inverted barometer 

response has been confirmed by observations. Wunsch (1972), doing a multiple regression of Bermuda 

sea level with local atmospheric variables, has found that between periods of about 1 day to months, the 

sea level indeed behaves like the inverted barometer; while for longer periods, the effects of the wind 

tend to dominate (see his Figs. 9 and 10). Fitting atmospheric pressure to global, monthly tide gauge 

data, Trupin and W ahr (1990) have found the sea level response to the pressure to be inverted barometric 

for periods greater than 2 months. However there are observations suggesting that the sea level response 

tends to deviate from the postulated inverted barometer response in the continental shelf regions (e.g., 

Hamon 1962, Wunsch et al. 1969, Chelton and Davis 1982). 

With the advent of satellite altimetry, it is important to remove the static sea level response in 

order to concentrate on the dynamical response. The static response can account for more than half of 

the total sea level variability in mid to high latitudes (Chelton and Davis 1982; see also Ponte et al. 1991, 

Fig. 2 for the standard deviation of the atmospheric pressure in the North Atlantic, where it ranges from 
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over 10 mb in high latitudes to a couple of mb in the tropics). Thus the validity of the inverted barometer 

response has taken on extra importance. The altimeter data can be used directly to test the validity of the 

inverted barometer response. Yet the results have been perplexing. Utilizing the Geosat Exact Repeat 

data, Van Dam (1991) has found that a linear regression yields only 60% (-0.6 cm/mb) of the theoretical 

response. The result holds for the global ocean as well as various smaller ocean regions. While also using 

the Geosat data, Wagner (1991, personal communication) has discovered that a global least-squares fit 

to reduce the sea level variability yields a correlation of -0.7 cm/mb. If, however, the fitting is done 

latitudinally, the correlation ranges from -1 cm/mb in high latitudes to no correlation in the equatorial 

region. The fact that these two results differ so significantly points to the difficulties in isolating the 

variables when they are subject to a variety of other large influences (see Tai 1990 for a brief introduction 

to satellite altimetry). Wunsch (1991), combining Geosat data with tide gauge data and filtering to retain 

only large space and time scales, has investigated the sea level response to atmospheric forcing, finding 

that some areas produce classical static inverted barometer response, but others suggest an amplified 

response. 

Besides being important to physical oceanography, the inverted barometer response is important 

to physical geodesy in relation to the earth rotation. There, the results of comparing with observations 

with or without the inverted barometer correction have also been mixed, some showing improvement 

(Merriam 1982), while others showing degradation (Eubanks et al. 1985, Dickey and Eubanks 1986). The 

only logical conclusion of these findings is that the complexities of these systems (satellite altimetry and 

earth rotation) have precluded a simple determination. Thus analytical and numerical models have been 

employed to verify the inverted barometer response. Generalizing dynamic tide theory and using pressure 

forcing at limited number of frequencies and spherical harmonic spatial structures, Dickman (1988) has 

been able to conclude that the ocean is more apt to respond statically at lower frequencies or higher 

spherical harmonic degrees. Ponte et al. (1991) have used a barotropic numerical model for the North 
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Atlantic and the North Pacific basin respectively (incorporating crude bottom topography, but excluding 

shallow continental shelf regions or marginal seas) with forcing from observed atmospheric pressure to 

simulate the oceanic response. The simulation yields deviations from the inverted barometer response of 

only a few percent at time scales longer than 1 week, increasing to 5%-20% over the range from I week 

to 2 days for the basin-averaged estimates, but significantly larger departures from isostatic behavior are 

possible locally. 

Lately, Ponte (1992) has given analytical solutions to atmospheric pressure forced response for 

a uniformly stratified ocean. He shows two seemingly surprising results. First, at most scales, the sea 

surface reacts as an inverted barometer to shield the interior (i.e., the interior pressure vanishes at the 

surface), yet the interior can respond to the pressure forcing baroclinically. Second, near the resonant 

scales, there are scales for which the sea surface appears not to respond to pressure forcing at all (i.e., 

the sea surface remains motionless). In later developments, we will show that these results can be 

understood perfectly in terms of the notion that pressure forcing is analogous to wind forcing and the 

notion of static and dynamical responses. For more realistic stratification in mid-latitudes, the response 

is largely barotropic for forcing periods less than 300 days with realistic spatial forcing scales (e.g., 

Willebrand et al. 1980). 

Here we take a more basic approach. The barotropic governing equations with atmospheric 

pressure and wind forcing are derived for mid-latitude quasigeostrophic motions, equatorial motions, and 

continental shelf waves. The pressure forcing is found to pump the underlying fluid in a manner similar 

to the Ekman pumping due to the wind forcing. The pumping is provided by the up and down motion 

of the sea surface due to the inverted barometer response (called the inverted barometer pumping 

hereafter). It can be shown that the inverted barometer pumping operates irrespective of whether the 

underlying ocean is stratified or not. Thus many of our conclusions carry over to the stratified case as 

well. The inverted barometer pumping is one order of magnitude smaller than the Ekman pumping in 
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mid-latitudes (two orders of magnitude smaller in the equatorial region), thus justifying the omission of 

pressure forcing in previous investigations on atmospheric forced quasigeostrophic ocean motions. In the 

continental shelf region, the inverted barometer pumping is even less important due to the emergence of 

a more dominant forcing by alongshore wind, whose effect is about one order of magnitude greater than 

the Ekman pumping. In addition, the inverted barometer pumping vanishes with lower forcing 

frequencies. So far as the pumping induces negligible dynamical response, the sea surface basically 

behaves like an inverted barometer. Even when the pressure forcing produces significant dynamical 

response, it is always justified to remove the static inverted barometer response in order to concentrate 

on the dynamical response. That is, as far as removing the static response is concerned, the relative size 

of the dynamic response or the wind forced response is really beside the point. 

2. Theory 

a. Equations of motion 

A linear homogenous shallow-water ,8-plane model with wind and atmospheric pressure forcing 

is adopted here. Willebrand et a!. (1980) have simulated the oceanic response to the fluctuating 

component of the observed wind forcing and found the dynamics to be essentially linear, thus justifying 

our adoption of a linear model. They also demonstrate that the oceanic response-to atmospheric forcing 

is largely barotropic for realistic mid-latitude stratification and forcing periods less than 300 days with 

realistic spatial forcing scales (see their Fig. 1), whereas for longer forcing periods or the equatorial 

region, it will become clear that the pressure forcing is totally insignificant in comparison with the wind 

forcing, thus justifying the exclusion of stratification. Hence, using customary notations, the equations 

of motion are (ignoring bottom friction) 

U 1 - fv = - g('tj + P.fpg}x + XfpH , 
(1) 
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V1 + fu = -g ( 11 + Pal pg) y + Y I pH 1 

(2) 

71, + (Hu), + (Hv)y = o 1 

(3) 

where X and Y are the x and y component of the wind stress vector T, p. the atmospheric pressure, '1/ 

the sea level, and H the unperturbed depth. A subscript of x, y, or t denotes the partial derivative. 

Cross-differentiating (1) and (2), and substituting (3) into the resulting equation, we get the 

vorticity equation 

.\, - ~ ( '1/, + uH, + vHy) + {3v = k • curl ( T I pH) 1 

(4) 

where tis the vertical component of the relative vorticity, and k a vertical unit vector. Note that the 

interior pressure is due to the combined effect of the sea level variation and atmospheric pressure. Hence, 

as far as the interior pressure is concerned the effective sea level, '1/., is 

11, = 11 + P.lpg. 

(5) 

b. Mid-latitudes 

For quasigeostrophic scales, quasigeostrophic scaling shows that (see Pedlosky 1987) to the 

lowest order, geostrophy holds, i.e., 
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u=-~ (TJ,)y, 

( 6) 

( 7) 
and hence, 

,. = g v2 " 
~ f "le 1 

(8) 

where V 2 is the horizontal Laplacian. Substitution of (6)-(8) into (4) and replacement of 71 by 11. and p. 

from (5) in (4) yield 

f 2 f 
(v271,- gH TJ,), + {3(TJ,)x- H J(71,' H) 

= _!__ k. curl (T /H) - f
2 

(p.fpg), 
pg gH 

(9) 

where J is the Jacobian. Without the forcing terms on the right hand side, (9) is the barotropic Ross by 

wave equation. When H is a constant, the first forcing term is simply the wind stress curl term. The 

second term is due to pressure forcing. With constant H, the ratio of these two terms is 

i.e., Ekman pumping 

k. curl'!" 
fp 

versus -(Pal pg) 1 

versus Inverted barometer pumping. One can also derive (9) through 

a different approach using the interior solution (which is quasigeostrophic) and invoking the Ekman 

boundary layer along with upper and lower boundary conditions. 

The inverted barometer sea level response is 71 18 = - P. lpg; hence the name, inverted barometer 

pumping. Thus the pressure forcing is simply due to the pumping of the interior by the sea surface motion 
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as a consequence of the static inverted barometer response. Eq.(5) can be rewritten as 

(10) 

If the pumping produces negligible dynamical response (i.e., 'IJ, is approximately zero), then the sea level 

behaves like an inverted barometer. If, on the other hand, the inverted barometer pumping induces 

significant dynamical response, then the sea level is composed of two equally significant parts: the 

dynamical response 'IJ, and the static response 'IJ 18 • Either way, it is justified to remove the static response 

and concentrate on the dynamic response. It can be shown that the concept of inverted barometer 

pumping is equally valid in the stratified case. See Section 6.9 of Pedlosky (1987, p. 365-368). Pay 

special attention to his Eq. (6.9.12), where the first term on the right hand side is the vortex stretching 

term due to the free surface, the second term is the Ekman pumping, while the third term is the inverted 

barometer pumping. The notion of inverted baraometer pumping is implicit in Maagard (1977). 

At mid-latitudes, the mean and fluctuating part of the Ekman pumping are both of the order of 

10 .. cm/s (see Willebrand 1978, Figs. 1 and 2; Ismer and Hasse 1987, whose North Atlantic charts are 

reproduced in Siedler eta!. 1992, Figs. 20 and 21), while the inverted barometer pumping is of the order 

of 10'5 cm/s (i.e., 1 mb/day; see Willebrand 1978, Fig.3, and recall that we are only interested in the 

part of the forcing that is consistent with oceanic quasigeostrophic scales). The pressure forcing is one 

order of magnitude smaller than the wind forcing, thus justifying the omission of pressure forcing in most 

investigations. Physically this can be easily understood by noting that it is much more difficult to move 

the air-sea interface than the underlying interior surface. The insignificance of dynamical signals forced 

by pressure in comparison to wind stress has been treated in many papers (e.g., Maagard 1977, Philander 

1978, Frankignoul and Muller 1979). Moreover, as the forcing frequency diminishes, the inverted 

barometer pumping also vanishes, in clear contrast with the Ekman pumping. This point has been made 

by Brown eta!. (1975) and Ponte eta!. (1991). 
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Even before any attempt to solve (9), certain bounds can be put on the dynamical response to 

pressure forcing. Recall that at mid and high latitudes, the static response can account for more than half 

of the sea level variability, while wind forcing is 10 times greater than the pressure forcing. For the sake 

of argument, let us just say the dynamical response accounts for 50% and one tenth of it is due to the 

pressure forcing. Then an upper bound of 5% can be attributed to the dynamical response to pressure 

forcing ; and the inverted barometer approximation is at most 10% wrong. Simple solutions of (9) are 

informative as to the asymptotic behavior of the dynamical response to pressure forcing. For constant H 

in (9) with the wind forcing ignored, a Fourier component of the pressure forcing of the form 

p, = P exp[i(kx+ly-wt)] 

excites sea level response of the form 

11, = A exp[i(kx+ly-wt)], 

and 

= = 1 

(11) 

where R = (gH)112/f is the external Ross by radius of deformation. Within the validity of the model, there 

are two interesting asymptotic limits in (11). As w vanishes, the ratio also vanishes, which is due to the 

vanishing of the inverted barometer pumping. As the spatial scale becomes much less than R, the ratio 

also vanishes, which can be easily understood by the fact that for smaller scale motions, the sea surface 

plays a lesser dynamical role (which is the justification for using the rigid lid approximation), and 

therefore they are less easily excited by the inverted barometer pumping. R ranges from about 2000 Ian 

at 45' latitude to over 10000 Ian in the tropics (see Emery et al. 1984, Figs. Sa, Sb). Thus the same 

forcing scales become less effective as one moves equatorward. These asymptotic limits are consistent 

with Dickman's (1988) results, where spherical geometry rather than the ,6-plane is used. 
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The notion of pressure forcing as pumping (analogous to wind forcing) at quasigeostrophic scales 

explains Ponte's (1992) findings that a uniformly stratified ocean interior can respond baroclinically even 

though the interior is shielded from direct atmospheric pressure forcing by the compensating sea level 

movement (i.e., the static inverted barometer response). Following Ponte (1992), one can easily deduce 

from (11) at what scales the dynamical response is significant. For fixed w and on the kl-plane, the 

magnitude of the dynamical response is greater or equal to the static response only inside an annulus 

bounded by two concentric circles with the center at ( -{312w, 0) on the kl-plane, the outer radius at {312w 

(where k2+/2+{3k/w=O) and the inner radius at {{32/4w2-2/R2)112 (where k2+/2+{3klw=-2/R2). Resonance 

occurs on a middle circle with the radius at {{32/4w2-1JR2)112 (where k2+/2+{3k/w=-1/R2). For high 

frequencies, the annulus may become a circle instead (i.e., the inner radius is zero or imaginary) and the 

middle circle may not exist (note that the maximum frequency for the barotropic Rossby wave is {JR/2). 

On the outer circle, A/P/(pg)= 1 from (11); hence 17=17.+1718=0, i.e., the dynamical response matches 

the mirror image of the static response and the sum vanishes. Thus there is nothing strange about the 

seemingly odd phenomenon first noticed by Ponte (1992) that close to the resonant scales, there are scales 

for which the sea surface appears not to respond to pressure forcing at all. In fact there is nothing special 

to it at all. When one approaches the middle circle, A/P/(pg) approaches either positive or negative 

infinity. From the positive side (i.e., from outside of the middle circle), the term has to go from 

negligibly small to positive infinity and, hence, has to pass through one, at which point the sea surface 

appears not to respond, but the dynamical response is there in terms of the currents. It is just that the 

dynamical sea level response manages to cancel the static sea level response. 

With stochastic pressure forcing, resonant excitation could occur (although tempered somewhat 

by dissipative processes) in the real ocean. The realistic case is complicated by the basin geometry as 

well as bottom bathymetry, leading one to conclude that the dynamic response is geographically 

dependent, as confirmed by Wunsch (1991) and Ponte et al (1991). 
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Atmospheric pressure is more effective in generating inertia-gravity motions. Following Pedlosky 

(1987; p.6S-69), but adding pressure and wind forcing, while ignoring the {J effect, one can deduce 

[v(gHv17) - C11u + f 217)], + fg J(H,17) 
= -fg J(H,p.fpg) - v[gHv(p.fpg),] + v.T1/p + fk. curl T/p, 

(12) 

which for constant H becomes 

2 1 2 2 V • T, + _f k [ v 11 - gH (f 11 + 11ul ], = -v (P.I pg) 1 + --:::;-,.... 
pgH pgH 

curl T, 

(13) 

Ignoring the wind forcing and looking for solutions of the same form as before (but for 11 not for 17.), 

one obtains 

(14) 

There is no reason to believe the validity of the inverted barometer response at these scales. But when 

w = fin (14), one gets the exact inverted barometer response. Away from this time scale, the results 
• 

deviate significantly from the static response only for frequencies much higher than f or very long 

horizontal wavelengths (of the order of 10,000 km), or for resonance scales. Resonant excitation of 

basin-scale surface gravity waves (where the basin geometry and bottom bathymetry play important roles) 

could be more rampant than Rossby waves due to closer match of scales. These ageostropic motions 

forced by pressure as well as wind can cause aliasing problems even when one is primarily interested in 

observing the quasigeostrophic motions. 

c. Equatorial region 
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Geostrophy should hold to within a few degree latitude of the equator, but eventually geostrophy 

breaks down near the equator, thus rendering (9) invalid near the equator. In its place, one can derive 

an equation for v alone. Following Gill (1982, p. 434-435), and adding the pressure forcing, we get for 

constant H 

v2v -
' 

k . curl 
= 

pH 

1 
gH 

Tx 
+ 

fX, 

pgH2 
~ (p.f pg) XI + ~ (P.I pg) yrr 

(15) 

Note that there are five forcing terms in (15) versus two in (9). The first term corresponds to the wind 

stress curl term, while the fourth term corresponds to the inverted barometer pumping term. The extra 

terms can be ignored when we are interested in low frequencies. The relative importance of these two 

terms is still the ratio of Ekman pumping versus· the inverted barometer pumping. Yet, because of the 

diminishing f, the Ekman pumping is now of the order of I0-3 cm/s, while the atmospheric pressure 

variation is much diminished, amplifying the difference to at least two orders of magnitude. The 

mismatch of the forcing scales with the baroclinic response scales is much less in the equatorial region. 

Thus given strong pressure forcing, there could be significant baroclinic response. But given the total 

dominance of wind forcing over pressure forcing in the equatorial region, any pressure forced motions 

are insignificant at best, compared with wind forced motions. However the derivation is merely 

suggestive because the equatorial tl-plane is not formally valid for the barotropic modes owing to the 

large external Rossby radius. 

d. Continental shelf region 

Geostrophy also breaks down in the continental shelf region. Assuming H = H(x), then from (4), 
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one obtains 

= k • curlT y • 
pH 

(16) 

Following Pedlosky's (1987, p. 630-632) scaling arguments, we get 

r = vx = j <17.> ... , 

(17) 

(18) 

Substituting (17) and (18) into (16) and replacing 17 by 17, and p., it follows that 

f2 H 
[ (l!,).a - gH lle + ; 

= fk • curlT 
pgH 

(19) 

The pressure forcing retains its old appearance as the inverted barometer pumping. So does the wind 

stress curl term. Hence the relative importance remains the same. However, there now emerges a far 

more dominant forcing term by the alongshore wind stress, whose ratio to the wind stress curl term is 

of the order of the wind spatial scale to the shelf width (i.e., 1000 km versus 100 km), hence two orders 

of magnitude larger than the pressure forcing. 

The conclusions remain the same for the continental shelf region; namely, the response to 

pressure forcing consists of the static inverted barometer response and the dynamical response to the 

inverted barometer pumping, which is too small to be significant, compared with other forcing sources. 
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e. Nonlocal inverted barometer response 

Ponte et al. (1991) have pointed out an overlooked aspect of the inverted barometer response, 

i.e., conservation of mass. For example, a hypothetical global uniform increase of 1 mb of the 

atmospheric pressure over the ocean would cause a uniform sea level depression of 1.01 em according 

to the inverted barometer approximation. But there is no place for the water to go, thus the need for the 

water to rise uniformly in response to the globally averaged increase in atmospheric pressure over the 

ocean to cancel out the uniform depression. Hence the total response is (p.-pJ/pg, where an overbar 

denotes a global average over the ocean (see Tai et al. 1992 for real cases of the nonlocal effect). 

The nonlocal effect is a dynamical response to pressure forcing according to our classification 

here. If a spatially uniform pressure variation, p, = P(t), is applied to (9), the solution is 11. = P(t)/pg, 

i.e., the nonlocal effect. The interior of the ocean is not shielded from the temporal variations of the 

globally averaged atmospheric pressure over the ocean, rather it passes right through with no change. 

This may have implications for the earth rotation. 

3. Summary and discussion 

The quasigeostrophic oceanic response to atmospheric pressure forcing is investigated through 

a linear homogenous shallow-water 13-plane model with justification for the assumption of linear and 

barotropic response, and extension to the equatorial and continental shelf region. The response is found 

to consist of two parts: first, a static response wherein the sea surface behaves like an inverted barometer 

to shield the interior from atmospheric pressure gradient imposed at the sea surface; second, a dynamical 

response to pumping of the interior by the up and down motion of the sea surface as a result of the static 

inverted barometer response, thus the name inverted barometer pumping. Note that the inverted barometer 

response is static only in its relation to the quasigeostrophic scales. The so-called static response is the 

result of dynamic adjustment through inertia-gravity motions. 
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The inverted barometer pumping is one order of magnitude smaller than the Ekman pumping in 

mid to high latitudes, and two orders of magnitude smaller in the tropics, while being two orders of 

magnitude smaller than the leading forcing term due to alongshore wind stress in the continental shelf 

region. The dynamical response tends to diminish with diminishing forcing frequencies because the 

pumping vanishes. The dynamical response also diminishes with smaller spatial forcing scales compared 

with the external Ross by radius of deformation due to the rigid lid effect. The so-called nonlocal inverted 

barometer response arising out of mass conservation is a dynamical response in this context. The nonlocal 

response allows the temporal variations of the globally averaged atmospheric pressure over the ocean to 

pass through the inverted barometer shield, and may have implications in the earth rotation. 

The most important conclusion is that, irrespective of the magnitude of the dynamical response, 

it is justified and preferable to remove the static inverted barometer response if one has confidence in the 

atmospheric pressure field so provided for this purpose. Because the pressure forcing in our 

quasigeostrophic formulation is also of quasigeostrophic scales by necessity, the inverted barometer 

response is the response to this portion of the atmospheric pressure only. In practice, it means that one 

can apply the instantaneous pressure in removing the inverted barometer response if the result is subjected 

to subsequent low pass filtering. This is not a problem for the tide gauge, but may pose a problem to 

satellite altimetry, where observations at the same location may be quite infrequent. The use of analyzed 

pressure field produced by various meteorological agencies is a help because the analyzed field has less 

unwanted high frequency high wavenumber components. Attempts to model the high frequency sea level 

response (which should include the wind forced response as well) to avoid the aliasing problem are bound 

to fail precisely because of these analyzed fields' infidelity. The problem is two-fold. On the easier side, 

it is preferable to low pass filter the pressure field, which needs further analysis to work out the details. 

On the tougher side, better understating of the ageostropic responses to both the pressure and wind (which 

are clearly location dependent) is needed in order to estimate the size and nature of the aliasing, even 
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though it is unlikely for one to reproduce them and remove them. The difficulties in verifying the 

inverted barometer response directly through the altimeter data may well be manifestations of the aliasing 

problem. 
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